We consider emergence of the surface bound states for superconductors lacking a center of inversion and compute their energy and the density of states. In such superconductors the Fermi surface is split according to helicity (orientation of electron spin with respect to its momentum), and the superconducting gaps differ in the two helicity bands. Energy and spatial structure of the bound states is controlled not only by the shape of the gap in each band, but also by the degree of band mixing due to interface scattering. This leads to a continuous spectrum of subgap states near the interface. We show within a simple model that the suppression of the gap near a pairbreaking interface significantly affects the surface density of states.
Introduction
Traditionally the effect of spin-orbit interactions on the symmetry of the superconducting order parameter received limited attention. Even when this interaction is rather strong, as in heavy fermion systems, presence of the inversion symmetry in the crystal lattice allows classification of electron states by parity, and therefore the superconducting order parameter can be separated into the singlet and triplet components. [1] [2] [3] The dependence of the gap in each channel on the crystal momentum can be classified according to the irreducible representations of the full point symmetry group of the lattice, and expanded in the eigenfunctions for each representation. As a result, it is common to restrict to the lowest order eigenfunctions, and to speak of singlet s and d-wave, and triplet p-wave superconductors.
The situation changes, however, if the system does not have a center of inversion. In non-centrosymmetric metals the spin-orbit interaction has a component that is odd in momentum, k, and therefore neither spin nor parity are good quantum numbers. The interaction locks the relative orientation of the spin of a quasiparticle with respect to its momentum.
Recent discovery of a number of non-centrosymmetric superconductors brought with it a growing theoretical effort to consider the effect of the odd, in k, spin-orbit interaction on the superconducting properties.
4) The surge of interest started with the discovery 5) and theoretical analysis 6) of the heavy fermion CePt 3 Si, and continued with other systems. Mixture of singlet and triplet component of the gap (previously studied using a very similar formalism in the context of accidental near-degeneracy of the coupling constants in different channels 7) ), nature of the low energy excitations, and the effect of magnetic field on the helicity-split Fermi surfaces 8) give a new dimension to the exploration of spin effects in superconductors.
Our focus here is on the studies of surfaces of superconductors that lack the crystal inversion symmetry. Reflection off a boundary changes the phase of the quasiparticle wave function, and affects the particle-hole coherence in a superconductor. In superconductors with zeroes (nodes) in the energy gap, for some surface orientations scattering gives rise to the intra-gap evanescent states, which have been used as a probe of unconventional superconductivity. 9, 10) Involving the spin degree of freedom naturally enriches the physics of the surface bound states, and the first study for non-centrosymmetric superconductors recently appeared.
11)
Therefore our motivation is to investigate whether the structure of the spin-orbit interaction and the shape of the superconducting gap can be simultaneously explored by surface probes, to elucidate the nature of the surface states for structurally different recently discovered superconductors, and to provide theoretical guidance for future experimental testing of the non-centrosymmetric superconductors. We begin by reviewing the basic theoretical and experimental ideas, then give an overview of our previous work, and complement it by recent new results.
Superconductors with spin-orbit interaction
Lack of inversion symmetry in the crystal structure leads to an antisymmetric spin-orbit (SO) coupling in the material, which has a general form. 4, 6, 12) 
Here c s and c † s are the usual band fermion creation and annihilation operators for spin s, α is the coupling strength, |� g(k)| 2 = 1, and
is a direct consequence of symmetry breaking. In compounds containing heavy atoms, such as recently discovered superconductors CePt 3 Si, CeRhSi 3 , UIr, and Li 2 Pt 3 B, the interaction strength α/k B ∼ 100-1500K. This suggests the hierarchy of the energy scales k B T c � α � E 0 , where E 0 is the fermionic bandwidth and T c is the superconducting transition temperature.
In that case we first diagonalize the normal state Hamiltonian,
where ξ(k) = ξ(−k) is the band energy in the absence of the spin-orbit interaction. The effect of H so is to introduce an effective k-dependent "magnetic field" for the conduction electrons, so that the eigenstates of the band hamiltonian are classified by helicity, the direction of the spin with respect to the electron momentum, and the spin rotation invariance is broken. 4) Diagonalization is achieved by a unitary transformation such that 
where θ g is the angle betweenĝ and the z-axis, so that sin θ g = |ĝ ×ẑ|. In the basis of the helicity operators,
the Hamiltonian is diagonal,
Note that the splitting between bands of different helicity is of order α. Hence in the α � E 0 limit a single Fermi surface is weakly split by the spin-orbit interaction, with the Fermi velocities in the two helicity bands nearly equal. In the same limit the superconducting pairing interaction is identical on both Fermi surface sheets, but now has a more complex structure when projected onto helicity channels. In spin space the superconducting order parameter is conventionally written as
where ∆ s (∆ t ) is the singlet (triplet) component of the order parameter, d( � k) is the spin vector, and Y( � k) is a normalized, over the Fermi surface, wave function that describes the anisotropy of the gap. 14) In the absence of spin-orbit interaction the singlet and the triplet channels are decoupled, and the dominant pairing channel determines the symmetry of the superconducting state.
Presence of the � g(k) term in the hamiltonian mixes the two channels, and, at the same time, for α � k B T c , fixes the direction of the d-vector to be parallel to � g(k). 6, 12) The latter choice is the only triplet component for which H so does not result in pairbreaking and suppression of the transition temperature. This gives the gaps
on the two helicity bands. The bands are coupled only via the selfconsistency equation for the amplitude of the singlet and triplet order parameters. In the limit α � k B T c , the interband pairing is negligible. 4, 6) It is clear from the form of the gap that, if the pairing is direction-independent, Y( � k) = 1, and if, furthermore, the triplet component is weak, |∆ t | < |∆ s |, the material behaves as a conventional fully gapped superconductor, albeit with a somewhat anisotropic gap. Even in this simplest case the spin-orbit interaction leads to anomalies in response to magnetic fields 4, 12, [15] [16] [17] but signatures of the anomalous response may be weak. On the other hand, as the interactions in the nontrivial channels become stronger, superconductivity becomes unconventional, in that the energy gap may have zeroes (nodes).
Experimentally, there is abundant evidence for gap nodes in CePt 3 Si, 18, 19) clear signatures of dominant triplet pairing in Li 2 Pt 3 B, 20, 21) and strong indication of anomalous upper critical field in CeRhSi 3 , 22) as well as signatures of strong spin-orbit effect in several other compounds. 23, 24) This motivates our study of nodal superconductors without inversion symmetry.
Note that there are two qualitatively different scenarios for the appearance of the nodes. If the pairing mechanism favors the higher angular momentum channel, so that Y( � k n ) = 0 for some directions � k n , gap vanishes on both sheets of the Fermi surface. On the other hand, if the triplet component is sufficiently large, ∆ t > ∆ 0 , the nodes appear only on one of the sheets, and for directions that depend on the structure of � g(k). The two routes to the node formation may coexist, leading to a complex nodal topology.
One of our goals is to investigate how the probes of surface states, which have been very successful in determination of the order parameter symmetry in other unconventional superconductors, may help uncover the gap structure in the non-centrosymmetric compounds.
Boundary problem
We consider scattering from a perfectly reflecting interface. The main new aspect of the problem results from the antisymmetric spin-orbit interaction in the bulk. Consider specular reflection of the quasiparticle off a flat surface. In each of the helicity bands the spin and momentum directions are locked together. Specular reflection reverses the component of the quasiparticle momentum normal to the interface, while leaving the momentum parallel to the surface unchanged. Consequently, for a general case there is a mismatch between the spins of the incoming and outgoing quasiparticles within the same helicity band,
The spin conservation is achieved by mixing of different helicity bands near the interface. In turn, since the superconducting order parameters for the two helicity bands differ, the band mixing creates the conditions for possible formation of the surface bound states.
We analyse the structure of the surface states using two complementary methods. Andreev equations, the quasiclassical approximation of the microscopic Bogoliubov-deGennes equations for the particle and hole amplitudes of the wave function, are an established tool for treating the spatially inhomogeneous problem, and we use them to find the energy spectrum of the bound states. The boundary condition for Andreev equations are imposed on the wave function, which vanishes at the impenetrable interface. To compute the density of states near the boundary, and to enforce the self-consistency on the order parameter, we employ the quasiclassical Green's function method, and therefore write the boundary conditions for the quasiclassical propagators. The technical point, described in detail below, is that the boundary conditions are more easily written in the spin representation, while the bulk properties are more naturally understood in the helicity basis.
In general, surface itself also breaks inversion symmetry, and, in semiconductor nanostructures, the interplay of bulk-and surface-induced effects leads, for example, to a spatially varying spin-orbit coupling in quantum wells. 25) However, since the spin-orbit interaction arises from the gradients of the electrostatic potential, it is screened at the scales comparable to the Thomas-Fermi length. Hence in metals, where the screening is at the scale of a unit cell size, all surface-induced effects enter solely as a boundary condition.
Andreev Equations and bound state spectra

Conditions for the existence of the bound states
In the helicity representation the Andreev equations for the particle and hole components in each band, u ± , v ± , along a classical trajectory, have the form
and therefore are block-diagonal in the band index. As shown in Fig. 1 , we chose the coordinate system with the interface in the x = 0 plane, so that the amplitudes u and v depend on x. If we ignore the gap suppression and consider the spatially independent ∆ ± up to the interface, along a incoming (j = 1) or outgoing (j = 2) trajectory for the band η = ±, we find
where
Here only considered intragap bound states, |ε| < |∆ ± |. In Eq.(8) η = ± appears in the second element of the column since the off-diagonal terms in the Andreev hamiltonian, Eq. (7), have the form η∆ η . The sign of the square root is chosen so that the solution is evanescent. The signs along the incoming and outgoing trajectories, see Fig. 1 , change as v f,x changes sign upon reflection. In the spirit of weak spin-orbit coupling approximation we took the Fermi velocities in both bands to be identical. The trajectories are mixed by the boundary conditions. For an impenetrable interface the particle and hole components of the wave function for each spin species must vanish at the surface, Ψ(x = 0) = 0, where Ψ is a full four-column in the spin and particle-hole space. To determine the allowed values of the energy, ε, we first rotate the spinors for each trajectory from helicity to spin representation using the unitary matrix, U (k) from Eq.(3). We then form a linear combination of the four trajectories, require that it satisfies the boundary condition Ψ(x = 0) = 0, and look for the values of ε such that non-trivial solution of the system exists. This procedure is detailed in Refs., 28, 29) and here we give only the final result. The condition for the existence of the bound states is (γ 
This result generalizes the expression of Iniotakis et al., 11) who were the first to consider the problem of surface states in non-centrosymmetric superconductors.
The energy spectra
The detailed structure of the bound states therefore depends on the structure of the spin-orbit interaction, on the relative sign of the gaps, ∆ i along the incoming and outgoing trajectories in each band, and on the orientation of the boundary with respect to � g, which determines the angle mismatch in Eq. (12) . In the simplest case of no spin-orbit scattering, or scattering on an interface with a selected high symmetry (θ in = θ out , φ in = φ out , see below) there is no mismatch of the spin orientation along the trajectories, M = 0, and no helicity band mixing at the interface. The conditions for the existence of the bound state are separate for the two bands, γ
, and, as is well known from the studies of single band superconductors, require phase mismatch between the phases of the order parameters along the incoming and outgoing trajectories for the same band.
We consider two different forms of the spin-orbit field. First, in CePt 3 Si and several related systems lack of inversion symmetry leads to the so-called Rashba form of the spin-orbit interaction,
. A more complex form of the coupling was assumed in cubic Li 2 Pt 3 B and Li 2 Pd 3 B to explain the penetration depth measurements, 20) 
In both cases we consider the order parameters of the form of Eq.(6) with d�g(k). We specifically focus on the "s-wave" case, Y(k) = 1 and a "d-wave" case, Y(k) = � k x � k y . In the absence of the spin-orbit interaction there are no subgap states for the isotropic gap, and a zero energy (midgap) bound state (ZEBS) exists for the surface normal to the x-axis for the d-wave order parameter symmetry. This zero energy bound state is a consequence of the sign change in the gap between any incoming and outgoing trajectories, so that all trajectories contribute to the density of states at midgap.
Once the spin-orbit interaction is taken into account the situation changes. Consider first the Rashba case. For the interface parallel to the xy-plane the reflection off the boundary results in the momentum change k z → −k z , and M = 0 as in the absence of the spin-orbit term. For the reflection from a surface parallel to the yz-plane, k x → −k x , generally M � = 0, and the helicity bands mix via scattering.
First, consider the s-wave order parameter. This is illustrated in Fig. 2 . For an arbitrary incidence angle, all four spinors mix in a more complex fashion, and the bound state is shifted from ε = 0, Fig. 2 , similar to Ref.
11)
For the generalized d-wave symmetry, Fig. 2 right, the situation is nearly opposite. For as long as ∆ s > ∆ t sin θ, the order parameters on the different Fermi surface sheet for the same direction of momenta have the same sign. The only sign change between the incoming and the outgoing trajectories then comes from the d-wave gap symmetry, and the intragap states exist for all the incoming trajectories independently of the band mixing. In contrast, if ∆ s < ∆ t , in the range of incident angles such that ∆ s < ∆ t sin θ, the superconducting order parameter does not change sign for the scattering between the bands of different helicity: the difference in phase due to the d-wave gap is compensated by the change in the gap sign for the two bands. For these directions the zero energy bound state disappears, and higher energy states are formed due to band mixing, albeit only for grazing trajectories, see Fig. 2 . Consequently only a few trajectories contribute to the zero energy density of states, and there is a continuous spectrum of the in-gap states.
We perform a similar analysis for the cubic symmetry of Li 2 Pt 3 B. Fig. 3 shows the structure of the bound state spectra for the s-wave order parameter with g i = k i (3k
There are no bound states for the dominant singlet component, ∆ s > ∆ t . In the opposite limit of strong triplet pairing, ∆ s < ∆ t , the gaps in the different helicity bands have opposite sign for the same k within cone along each of the axes, x, y, and z; the ratio ∆ s /∆ t determines the solid angle. Consequently, if the total momentum of the quasiparticle does not substantially change upon reflection, the bound states are close to midgap. If, in contrast, the change in the components of the momentum upon reflection off the interface is substantial, the states move towards the gap edge, see Fig. 3 .
The most important difference between the current case and that of the unconventional centrosymmetric superconductors is the continuous spectrum of the bound states in the gap depending on the incidence angle. In principle, at least, the directional dependence of the energy of the bound states carries the information about both the gap symmetry and the structure of the spinorbit interaction. There are, however, two additional aspects of this analysis that need to be carried out: investigation of gap suppression near the surface and the calculation not only of the spectra, but of the density of states at the surface.
Order parameter suppression: a simple model
Surface states arise because of the phase mismatch of the superconducting gaps along the incoming and the outgoing trajectories mixed by surface scattering. The same mechanism, leads to a gap suppression on the scale of the coherence length.
This pairbreaking near the surfaces is well-studied in the cases of unconventional superconductivity in centrosymmetric systems. In two-dimensional d-wave superconductors, for example, the order parameter suppression by itself does not lead to a substantial modification of the zero-energy state: even though the gap amplitude is reduced, there is always a sign change between the gaps felt by the incoming and outgoing quasiparticles, and therefore all trajectories still contribute to the midgap density of states. The main novel effects arise from a possible emergence of subdominant order parameters, 30) not from the self-consistent gap suppression.
In superconductors with spin-orbit interactions the situation is different. As we showed above, even the s-wave gap has nontrivial structure in the momentum space due to the term ∆ t |� g(k)|, leading to emergence of the bound states, whose energy depends on the incidence angle. Interface scattering also suppresses the triplet component; In contrast, the singlet component of the gap is not suppressed, and may be even strengthened 29) ) near the interface. Now quasiparticles moving along different trajectories acquire different phases while traveling in the range of gap suppression, and the energy of bound state is shifted depending on the angle of incidence.
A full analysis of the self-consistent suppression of the order parameter and its effect on the density of states requires a microscopic treatment outlined in next section. However the salient physics features can be deduced from a simple model. Consider a purely two-dimensional superconductor with Rashba spin-orbit splitting. Moreover, assume that the singlet component is negligibly small, and the triplet gap, ∆ t ≡ ∆ is completely suppressed in a strip of width W near an interface, see Fig. 4 . For a pairbreaking surface then ∆ in = −∆ out in the helicity basis, as for a centrosymmetric d-wave superconductor. However, the band mixing at the interface introduces an additional, momentum dependent, phase shift that changes the energy of the bound state.
For a given incident angle, β, the gap is suppressed over a distance D = W/ cos β, and the condition for the existence of the bound states becomes (γ
= −(γ
The bound state energies satisfy the transcendental equation,
and Fig. 5 shows its solutions for different ranges of gap suppression. The dispersion of the bound states is strongly affected by the length scale at which the gap is suppressed. Obviously the resulting density of states is also strongly affected: while for W = 0 the bound states are distributed continuously within the gap with the incidence angle, for W ∼ v f /∆ the contribution of the intermediate angle trajectories to the "rainbow" branch gives rise to a pile-up of states at about half the full gap energy.
Quasiclassical approach and the density of states
To quantitatively determine the length scale for the order parameter suppression and compute the density of states, we use the quasiclassical method of superconductivity. The detailed analysis is presented elsewhere, 29) and here we outline the procedure and discuss the results.
The Green's function integrated over the band energy obey the Eilenberger equation, which is a matrix in the particle hole and either spin or helicity band basis, (16) with the spin-orbit term,v SO = α� τ 3 � g(k) · σ, where τ 3 operates in particle-hole space, subject to the normalization conditionǧ 2 = −π 21 . A general model separable pairing interaction is parameterized by the coupling constants v s , v t , and v m in the singlet, triplet (with d�g), and mixed (singlet-triplet) channel, respectively.
13) The simple model we consider corresponds to the choice of solely triplet pairing,
The specular boundary conditions at an impenetrable surface in the spin representation arě g spin (k in , R srf ; ε) =ǧ spin (k out , R srf ; ε). These are ro- tated into the helicity basis using matrices U (k) to formulate the boundary conditions in the helicity representation, and the resulting propagators are parameterized by the Riccati amplitudes. 31) Computing these amplitudes by integrating along the classical trajectories gives the energies of the surface bound states as a function of the incidence angle, and the density of states. We selfconsistently determine the suppression of the order parameter near the interface. Fig. 6 shows that the density of states near the boundary has a peak at energies of about half the maximal gap size, in agreement with the gap suppression we find on the scale of a few coherence lengths. This peak is completely absent in a non-selfconsistent calculation.
11, 29)
Summary
Stimulated by the discovery of a large number of noncentrosymmetric superconductors, many of which show the behavior consistent with nodes in the gap, we investigated the origin, structure, and the density of bound states induced near the pairbreaking surfaces. Absence of inversion symmetry generally results in the helicity splitting of the Fermi surfaces. For weak spin-orbit coupling we compared the effects of (a) the gap anisotropy within the same helicity band; and (b) the gap mismatch due to band mixing at the surface on the origin of the surface states. We considered the structure of the spinorbit terms characteristic of the well-studied CePt 3 Si as well as an unconventional LiPt 3 Si. Most importantly, we found that the suppression of the triplet gap com- ponent near the interface affects the spectrum of the bound states, and explored the density of the surface states in the simplest model of s-wave Rashba triplet order parameter. Since the self-consistency affects mostly the quasiparticles traveling along the grazing trajectories, we expect that the effect of the gap suppression will be more pronounced in point contact, rather than tunneling, measurements, since the former probe a wider tunneling cone. Further work to elucidate the properties of the surface bound states in unconventional superconductors is ongoing.
